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The problem of the higher-loop contributions to the axial anomaly is reexam-
ined by a new method. We demonstrate that these contributions depend on the
order of the calculations. If we rst calculate the divergence of the axial current
in the presence of the external photon eld by nonperturbative Fujikawa method
and then average it over the photon eld in the presence of the photon source,
we get a nonzero contribution. With perturbative Feynman diagram method




The problem of the axial anomaly [1, 2] is one of the attractive problems of the quantum
eld theory. In the framework of QED it was rst discussed in [1, 3], using Feynman
diagram method, with the conclusion that two and higher-loop contribution to the
divergence of the axial current is zero.
On other hand in [4] this anomaly was calculated by a nonperturbative technique,
based on the observation that the anomaly is due to the noninvariance of the fermion
measure under axial transformations of the fermion elds.
In a recent work [5], the 3-loop contribution to the divergence of the axial cur-
rent was shown to be nonzero. This conclusion was supported in [6] based on the
investigations of the renormalization properties of axial current and its divergence.
Given the controversy we would like to discuss this problem by using yet another
method [7]. This method is based on an old formula of DeWitt [8] that connects the
vacuum expectation of a quantum functional with the classical ones ( and its derivatives
with respect to the classical elds ). Using this method we have previously calculated
the two - loop eective action for scalar '
4
theory and for spinor electrodynamics in
[7, 8].
In this paper we discuss the divergence of the axial current in the simplest model
which describes interacting massless fermion  and photon elds A

via axial-vector
coupling. The Lagrangian of this model is invariant under local axial transformations

































2 De Witt Method
In this section we would like to briey review De Witt method which we will need in
the following discussion.
De Witt's formula [8] expresses the vacuum expectation value of any quantum
functional Q['^
i




































is its vacuum expectation














   J
i
n
is the connected n-point Green's functions. Note that repeated indicies means the
summation over discrete indicies and integration over the continuous ones. The colons
in Eq.(2) means that derivatives in exponent acts only on functional Q['].
1
Thus we see that the vacuum expectation value of any quantum functional is dened
by the classical functional and connected total Green's functions.
Let us dene the generating functional
Z[J

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3 The Divergence of the Axial Current




















































































































+    :
(13)
The dots denote the terms with higher order derivatives over A

. The left side of this
equation is vacuum expectation of the axial current j
5

in the presence of the source J .














































+   :
(14)
In the framework of the model Eq.(1) the one-loop contribution to the divergence of























As we can see from Eq.(14) to compute the higher-loop contributions we must
perform three operations: the divergence, the functional derivatives, and the trace
over discrete and continuous coordinates. We want to show that the nal result will
depend on the order of the calculations.
3
Let's rst calculate the variational derivatives on A

and the divergence and trace





















































Note that the convergence of the integrals in Eq.(16) is insured by the regularization
















































That is, this contribution to the anomaly vanishes.
Acting further analogously, i.e., calculating rst the derivatives on A

and only
after this operation calculating divergence @
x

and trace we will have zero contribution
to the divergence of the axial current from the other terms in Eq.(14) as well.




rst and noting that r.h.s. of Eq.(15) is quadratic over A

(x), we see that our





































(y; z) is the full connected Green's function of photon, the second term of
this expression contains all the higher-loop radiative corrections.
Now we can immediately see that the second term in Eq.(18) is at least third
order in h, with the substitution of the Dyson equation for D

(y; z) into Eq.(18) (see





























































Here we used the fact that the free Green's function of photon K

(x; y) is symmetric
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Appendix
In [7] was derived the system of equations for the eective action in QED. In the
present case the rst equation of this system is (we will present it in the form where

















Dierentiating this equation with respect to A




































(z; x; z) is three-point connected Green's function which is related to the
three-point total vertex function  




























G(x; y) is the full Green's function of the fermion.
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